We present a multipole based approach to model linearly extended nanoparticle distributions in an artery and to reconstruct these distributions from their distant magnetic field. The multipole moments of a spherical harmonic multipole expansion are evaluated for an arbitrary nanoparticle distribution in an artery magnetized perpendicular to its axis. It is shown that each multipole order is determined by only one principal multipole moment. All other possible moments of the respective multipole order can be related to the principal moment and carry the same information about the linear model. Consequently each multipole order is characterized by a typical field pattern. For both homogeneous and inhomogeneous nanoparticle distributions in the artery model the distribution parameters are determined from the principal multipole moments.
Introduction
In Magnetic Drug Targeting (MDT) magnetic nanoparticles (MNP) are used as carriers for chemotherapeutic agents [1] . They are administered into a tumor supplying vessel and then accumulated by an external magnetic field gradient focussed to the target region. For the investigation of the complex interplay between physical and physiological parameters during MDT a physical artery model has been established [2] . So far the artery had to be dissected after the MDT application to determine the attained MNP accumulation profile and each artery piece was measured by magnetorelaxometry (MRX) [3] , using as a MNPspecific signal the magnetic relaxation of the MNP magnetization after switching off of a moderate polarizing magnetic field. Keeping the distance between sample and the single magnetic field sensor fixed, the recorded relaxation signal in an artery segment is directly proportional to its MNP content [4] . The dissection of the artery can be avoided by MRX measurements of the entire artery using an MRX device with multiple magnetic field sensors. In this case the spatially extended nanoparticle distribution has to be reconstructed from the measured magnetic field pattern of the sensors by solving an inverse problem. By making use of two conditions the mathematics of the problem is simplified considerably. One is the knowledge of the magnetization orientation of the MNP given by the direction of the polarizing magnetic field. The other is based on the experimental findings on dissected arteries analyzed by MRX inferring a single-peak MNP distribution as a reasonable model which can be parameterized by a power law. We investigated a multipole based approach to model linearly extended MNP distributions in an artery and to reconstruct the distributions from magnetic field patterns measured non-invasively by a multichannel MRX device.
Methods
We consider the magnetic induction B r due to a sample of magnetization M r used to describe MNP distributions. At a point r r outside the sample volume V, the vector B r is given by [5] 
where the multipole moments nm A and nm B are given by Image 1 Illustration of the individual multipole terms (the moments are equal to one) composing the multipole expansion of a magnetic field according to equation (2) . Shown are contour plots of the B z -component at a zdistance of 5 cm on a 20 cm x 20 cm area for the magnetization in z-direction. Note, the fields are not drawn to scale.
In the framework of multipole expansion the multipole moments carry the information about the nanoparticle distribution. The multipole moments of any order are determined for a linearly extended artery model of arbitrary distribution q(x) in an interval [-a, b] on the x-axis of the Cartesian coordinate system. The linear distribution is assumed to be magnetized perpendicular to its axis in zdirection. A more detailed analysis is presented for symmetric distribution profiles. Two special models are considered. First, the relationships between the multipole moments and the distribution parameters are investigated for the idealized model of a homogeneous nanoparticle distribution of density q(x) = q 0 = const. and spatial extent 2a in the interval -a ≤ x ≤ a. Then, we consider the more realistic model of an inhomogeneous distribution resembling a drug targeting protocol where the artery is placed below the tip of an electromagnet's core. In contrast to [9] , where an inhomogeneous MNP distribution has been modelled using piecewise homogeneous segments, we describe the distribution here by the density function q(x) = q 0 (1 ± x/a) k in the intervals -a ≤ x ≤ 0 and 0 ≤ x ≤ a, respectively, where k is a positive number. Image 2, left panel, illustrates the geometry and parameters of our artery model. The right panel of the same figure shows as an example the genuine MNP distribution obtained by MRX on a dissected artery after MDT. This profile can be described reasonably well by a symmetric cubic density function (red line).
Image 2 Left: MNP distribution functions q(x) over the artery: Constant (green line) and quadratic (blue line). Right: MNP distribution (light blue) determined by MRX on dissected segments of a real artery. The red line shows a cubic density function approximating the data.
Results

Principal multipole moments
For the multipole moments of the linearly extended artery model of an arbitrary nanoparticle distribution q(x) we obtain from equation (3) )
The linear distribution model leads to an essential reduction of possible multipole terms. Compared with the general expansion described by equations (2) and (3) 
and for n even
We call 0 n A and 1 n A the principal multipole moments of the linear nanoparticle distribution. Each multipole order is determined by only one principal moment. All other possible moments of a multipole order can be related to the corresponding principal moment and carry the same information about the linearly extended model. Using the relationships (6) and (7) the magnetic field (5) can be written compactly in terms of the principal multipole moments 
For n even, i.e. ν 2 = n , the vector n u r is given by
The principal moments of the first five multipole orders and the relations of the other moments A nm to the corresponding principal moment constituting the magnetic field term n u r within a given order n are compiled in the following Table 1 The first five principal moments α n together with the relations between the moments A nm within a given order n.
Furthermore, according to equation (8) 
Quantification of distributions
For symmetric distribution profiles the principal multipole moments are given by
whereas all moments 1 n A are vanishing and may only occur for asymmetric distributions for the chosen magnetization direction. Obviously, this is reflected in the contour field maps of image 3, which are symmetric under reflection in the y-axis only for n = 1, 3, 5. The lowest order term, i.e. the dipole moment, describes the total amount of nanoparticles in the artery. In case of a point-like nanoparticle accumulation at the origin of the coordinates all moments beyond the dipole are vanishing. Thus, for the linearly extended artery model the higher order moments describe the deviation from the dipole behaviour due to the spatial extent and the structural details of the nanoparticle distribution. 
(14) In other words, once the first two moments A 10 and A 30 have been determined from a magnetic field pattern of an artery with a homogeneous distribution, the extension and the total MNP amount can be obtained. For the inhomogeneous distribution model illustrated in image 2 we obtain the principal moments
Now the three distribution parameters a, q 0 , and k may be characterized taking into account the moments up to fifth order. The corresponding principal moments are given by the expressions 
The parameters a and q 0 may already be extracted from the first two moments 10 A and 30 A , if we can preassign the parameter k. The inverse results are then 
where we have introduced d for abbreviation purposes 
Conclusion
We demonstrated the modelling and quantification of nanoparticle distributions in arteries by means of a multipole expansion of the field of a magnetized linear source. The results show that each multipole order of the spatial magnetic field distribution is characterized by only one principal multipole moment. All other possible moments of a multipole order can be related to the corresponding principal moment, because they carry the same information about the linear distribution. In addition each multipole order is characterized by a typical field vector. These results can be used to quantify the linear distribution in terms of principal moments obtained from field measurements by means of minimum norm estimation. The number of distribution details to be resolved determines the number of required principal moments and thus the order of the multipole expansion. This was demonstrated when determining the distribution parameters for both homogeneous and inhomogeneous nanoparticle distributions in the artery model. The symmetric distribution models considered in detail can be extended to more complex accumulations in accordance with the experimental setup during magnetic drug targeting. It should be noted that the results were obtained for a magnetization direction perpendicular to the artery axis. Similar results are obtained for other magnetization directions. Our presented multipole based approach in combination with multichannel MRX enables us to quantify nondestructively an MNP distribution without the dissection of an artery. The application to realistic multi-channel MRX data from arteries and MNP phantoms is what has to be done next.
